We compare quantum hydrodynamics and quantum gravity. They share many common features, both have quadratic divergences, and both lead to the problem of the vacuum energy, which in the quantum gravity transforms to the cosmological constant problem. We show that in quantum liquids the vacuum energy density is not determined by the quantum zero-point energy of the phonon modes. The vacuum energy is much smaller and is determined by the classical macroscopic parameters of the liquid including the radius of the liquid droplet. In the same manner the cosmological constant is not determined by the zero-point energy of quantum fields. It is much smaller and is determined by the classical macroscopic parameters of the Universe dynamics: the Hubble radius, the Newton constant and the energy density of matter.
The problem of quantum hydrodynamics is at least 65 years old (see quantization of the macroscopic dynamics of liquid in the first Landau paper on superfluidity of 4 He [1] ). It is almost as old as the problem of quantum gravity [2] . Quantum hydrodynamics and quantum gravity share many common features (e.g. both have quadratic divergences) and probably they will have the common destiny. The main message from quantum hydrodynamics to quantum gravity is that most probable the quantum gravity cannot be constructed, because quantum hydrodynamics cannot be constructed.
Of course, one can quantize sound waves in hydrodynamics to obtain quanta of sound waves -phonons. Similarly one can quantize gravitational waves in general relativity to obtain gravitons. But one should not use the low-energy quantization for calculation of the radiative corrections which contain Feynman diagrams with integration over high momenta. In particular, the effective field theory is not appropriate for the calculation of the vacuum energy in terms of the zero-point energy of quantum fields. The latter leads to the cosmological constant problem in gravity [3, 4] , and to the similar paradox for the vacuum energy in quantum hydrodynamics: in both cases the vacuum energy estimated using the effective theory is many orders of magnitude too big. We know how this paradox is solved in quantum liquids, and we may expect that the same general arguments are applicable to the quantum vacuum.
Consider this on the example of the superfluid quantum liquid at T = 0 (such as superfluid 4 He). The low-frequency dynamics of the liquid is represented by classical hydrodynamics. The equations of the non-relativistic superfluid hydrodynamics (in the absence of quantized vortices) are the Hamilton equations for the canonically conjugated fields:
Here ρ the mass density; φ is the velocity potential (in the absence of quantized vortices the superfluid velocity is potential v = ∇φ); the Hamiltonian is the energy functional of the liquid expressed in terms of ρ and φ:
whereǫ(ρ) = ǫ(ρ) − µρ; ǫ(ρ) is the energy density of the liquid expressed in terms of the liquid density; and µ is chemical potential -the Lagrange multiplier which takes into account the mass conservation d 3 rρ = Const. At fixed chemical potential µ, this functional has minimum at v = 0 and ρ = ρ 0 (µ), where the equilibrium density ρ 0 is determined by equation dǫ/dρ = 0 (or dǫ/dρ = µ). This is the ground state of the liquid, with energy density ǫ(ρ 0 ) and the total energy
Note that this consideration, though completely classical, operates with quantities E 0 and ρ 0 , which are the classical output of the essentially quantum system: the superfluid 4 He is the system of strongly correlated, strongly interacting and highly entangled atoms governed by the laws of quantum mechanics.
What happens if we try to construct the quantum hydrodynamics, i.e. to quantize the hydrodynamic motion of the liquid determined by Eqs.(1)? Using hydrodynamic variables only we are unable to reconstruct the whole microscopic Hamiltonian for the interacting atoms. This is because from the big realm of the complicated quantum motion of the 4 He atoms we have chosen only the hydrodynamic modes whose wavelengths are much bigger than the inter-atomic spacing a, which plays the role of the Planck length: ka ≪ 1. That is why, what we can do at best is to quantize the sound modes. But even in this case there is a danger of the double counting, because starting from the quantum system we have obtained the classical behavior of soft variables ρ and φ, and now we are trying to quantize them again. In particular, the energy E 0 in Eq. (3) is the whole energy of the quantum liquid, and it already includes from the very beginning the energy of those degrees of freedom which are described in terms of phonons. Let us see how this double counting typically occurs.
The conventional quantization procedure for sound waves is the introduction of the commutation relations for the canonically conjugated variables:
Introducing these fluctuations to Eq. (3) one obtains the quantum Hamiltonian as the sum of the ground state energy and the Hamiltonians for quantum oscillators:
where ω k = ck; and the speed of sound c is given by
There is nothing bad with this quantization, if we are constrained by condition ka ≪ 1. However, if we start to apply this consideration to the diverging quantities such as the vacuum energy, we are in trouble.
The vacuum energy -the ground state of the Hamiltonian (7) -contains the zero-point energies of the oscillators:
But the vacuum expectation value ofĤ must be equal to E 0 by definition, because E 0 is not the "bare" energy, but is the total energy of the liquid. Thus the naive application of the zero-point energy leads to the paradoxical conclusion that 1 2 kh ω k = 0 .
This contradicts to our intuition that the zero-point energy gives for the vacuum energy the estimateǫ zp ∼hck 4 uv , where k uv ∼ 1/a is the ultraviolet cut-off. However, the equation (9) simply means that the zero-point energy of phonons had already been included into the original E 0 together with all other modes, i.e. we were doing the double counting for the vacuum energy. This means that the correct form of the Hamiltonian for phonons must bê
Next one can find, that the zero-point energies of phonons give no idea on the real value of the vacuum energy E 0 . They may give even the wrong sign of the vacuum energy. To see this let us consider the vacuum energy of superfluid 4 He in case when an external pressure P is applied to the liquid. According to the Gibbs-Duhem relation which is valid for the equilibrium states one has:
At T = 0 one obtains that the vacuum energy is regulated by external pressureǫ
For the positive external pressure P > 0, one obtains the negative vacuum energy E 0 < 0, which certainly cannot be obtained by summation of the positive zero-point energies of phonons. Furthermore, for the superfluid 4 He isolated from the environment, the pressure P = 0, and thus the vacuum energy density and vacuum energy are zero:ǫ(ρ 0 ) = 0, E 0 = 0. For the finite system -the helium droplet -the vacuum energy density becomes non-zero due to the capillary pressure:
It is expressed through the classical parameters of the liquid droplet: its radius R and surface tension σ. When we compare this physical result with the naive estimation of the phonon zero-point energyǫ zp ∼hck 4 uv , one finds that their ratio is determined by the ratio of quantum microscopic and classical macroscopic scales:ǫ true /ǫ zp ∼ a/R. For the macroscopic bodies the descrepancy is big.
This demonstrates that the vacuum energy is determined by the macroscopic thermodynamic laws and is not related to the diverging contribution of the zero-point motion of phonons. The result E 0 = 0 for the self-sustained homogeneous systems shows that in this system the large positive contributionǫ zp ∼hck 4 uv of phonons is completely compensated without any finetuning by the other degrees of freedom, i.e. by the microscopic (atomic ≡ trans-Planckian) degrees of freedom which cannot be described in terms of the effective fields [5] .
This does not prohibit the Casimir effect. If the energy difference between two vacua comes solely from the long-wavelength physics, it is within responsibility of the phonon (photon) modes and can be calculated using their zero-point energies.
One can immediately apply this lesson to the quantum gravity: the vacuum energy density ǫ vac (or cosmological constant) is not renormalized by the zero-point energies of quantum fluctuations of the low-energy modes. It is meaningless to represent the vacuum energy as the sum over zero-point oscillations 1 2 kh ω k , and to estimate the vacuum energy density as ǫ zp ∼hck 4 uv . The vacuum energy (and thus the cosmological constant) is the final classical output of the quantum vacuum with all its degrees of freedom, sub-Planckian and trans-Planckian. It is regulated by macroscopic physics, and obeys the macroscopic thermodynamic laws. The thermodynamic Gibbs-Duhem re-lation (analog of Eq.(12)) is satisfied for the equilibrium vacuum, since it follows from cosmological term in Einstein action:
For the equilibrium homogeneous vacuum isolated from the "environment", the pressure is zero and thus vacuum energy density is zero too, ǫ vac = −P vac = 0 [5] . This means that the natural value of the cosmological constant in the homogeneous time-independent vacuum is Λ = 0 rather than Λ ∼ hck 4 uv .
In the case of the developing Universe polluted by matter, the vacuum energy is disturbed. But again the natural value of Λ is determined not by the quantum zero-point energy, but (as in quantum liquid in Eq.(13)) by the classical macroscopic parameters of the Universe dynamics: the Hubble radius R of the Universe, the Newton constant G and the energy density of matter ρ mat . This implies that, depending on the details of the process, one has Λ ∼ ρ mat , or Λ ∼ 1/GR 2 (or Λ is given by some combination of these factors). Both estimates are comparable to the measured value of Λ, and are much smaller than the naive estimation of the zero-point energy of quantum fields: Λ true /Λ zp ∼ a 2 /R 2 ∼ 10 −120 . As in quantum hydrodynamics this contains the ratio of the quantum microscopic scale a =hc/E Planck to the classical macroscopic scale R.
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